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Abstract. In this paper, we mainly investigate continuity, monotonicity and 
differentiability for the first eigenvalue of the p-Laplace operator along the 
Ricci flow on closed manifolds. We show that the first p-eigenvalue is strictly 
increasing and differentiable almost everywhere along the Ricci flow under 
some curvature assumptions. In particular, for an orientable closed surface, we 
construct various monotonic quantities and prove that the first p-eigenvalue 
is differentiable almost everywhere along the Ricci flow without any curva- 
ture assumption, and therefore derive a p-eigenvalue comparison-type theorem 
when its Euler characteristic is negative. 



(1-1) 7^5y = -^R^3 



1. Introduction 

Given a compact Riemannian manifold (M",(7o) without boundary, the Ricci 
flow is the following evolution equation 

with the initial condition g{x, 0) = go{x), where Rij denotes the Ricci tensor of the 
metric g{t). The normalized Ricci flow is 

d ~ 2 

(1.2) —^(jij = -2R,j + -?g,j, 

where g{i) := c(t)g{t), i(t) := c{T)dT and 

2 



(1.3) c(t) := exp y r{T)dT j , f J Rdjl j j djl, 

{dfl and R denote the volume form and the scalar curvature of the metric g{t), 
respectively.) which preserves the volume of the initial manifold. Both evolution 
equations were introduced by R.S. Hamilton to approach the geometrization con- 
jecture in [111. Recently, studying the eigenvalues of geometric operator is a very 
powerful tool for understanding of Riemannian manifolds. In [23) . G. Perelman 
introduced the functional 



H9it)Jit)):= I {R+\Vf\^)e-fd^i 
Jm 
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and showed that this functional is nondecreasing along the Ricci flow coupled to a 
backward heat- type equation. More precisely, if g{t) is a solution to the Ricci flow 
(|l.ip and the coupled f{x,t) satisfies the following evolution equation: 

df 



then we have 



If we define 



- -A/+|V/|^-i?, 
dt Jm ' ' 



X{git)) inf ^(^(t), f{t)) : / G C°°(M), / e-^d^, = 

then X{g{t)) is the lowest eigenvalue of the operator — 4A + R, and the increasing 
of the functional T{g, /) implies the increasing of X{g{t)). 

Later in [T], X.-D. Cao studied the eigenvalues A and eigenfunctions / of the new 
operator —A + R/2 satisfying fj^ Pdfi = 1 on closed manifolds with nonnegative 
curvature operator. In fact he introduced 

(1-4) \{f,t):= j^^(^-M + ^f^fd^Ji, 

where / is a smooth function satisfying J^^ f^d^, = 1 and obtained the following 

Theorem A. (X.-D. Cao PP) On a closed Riemannian manifold with nonnegative 
curvature operator, the eigenvalues of the operator — A + -^ are nondecreasing under 
the unnormalized Ricci flow, i.e. 

(1.5) ^\{f,t)^2[ Ric{Vf,Vf)+ [ \Ric\^f^dii>G. 

™ JM JM 

In (11.51) . when ^A(/, t) is evaluated at time t, f is the corresponding eigenfunction 
of \{t). Hence \{t) is nondecreasing. 

Shortly thereafter J.-F. Li in 17 dropped the curvature assumption and also 
obtained the above result for the operator —A -I- -j. In fact, he used new entropy 
functionals to derive a general result. 

Theorem B. (J.-F. Li 17 ) On a compact Riemannian manifold (M,g{t)), where 
g{t) satisfies the unnormalized Ricci flow for t £ [0,T), the lowest eigenvalue Afc 
of the operator — 4A -I- kR {k > 1) is nondecreasing under the unnormalized Ricci 
flow. The monotonicity is .strict unless the metric is Ricci-flat. 

At around the same time, X.-D. Cao in [5] also considered the general operator 
—A -|- cR (c > 1/4), and derived the following exact monotonicity formula. 

Theorem C. (X.-D. Cao [2 ) Let {A'r,g{t)), t e [0,r), be a solution of the unnor- 
malized Ricci flow (QHP on a closed manifold M". Assume that X{t) is the lowest 
eigenvalue of —A + cR (c > 1/4) and f = f{x, t) > satisfies 

-Af{x,t)+cRf{x,t)^\{t)f{x,t) 

with Jj^j f^d^i = 1. Then under the unnormalized Ricci flow, we have 

(1.6) ^\{t)^]-( |ffic+VVPe-^dAi+^^-^ / \Ric\^e~'Pdii>0, 
dt 2 J M 2 J M 

where e"'^ = 
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On the other hand, L. Ma in [20] considered the eigenvalues of the Laplace 
operator along the Ricci flow and proved the following result. 

Theorem D. (L. Ma [20) 1 Let g — g(t) be the evolving metric along the unnormal- 
ized Ricci flow with g(0) = go being the initial metric in M . Let D be a smooth 
bounded domain in {M,go). Let X > be the first eigenvalue of the Laplace operator 
of the metric g(t). If there is a constant such that the scalar curvature R > 2a in 
D X {t} and the Einstein tensor 

Eij > -agij in D x {t}, 

then we have X' > 0, that is, X is nondecreasing in t, furthermore, X'{t) > for the 
scalar curvature R not being the constant 2a. The same monotonicity result is also 
true for other eigenvalues. 

Moreover S.-C. Chang and P. Lu in [4] studied the evolution of Yamabe con- 
stant under the Ricci flow and gave a simple application. Motivated by the above 
works, in this paper we will study the first eigenvalue of the p-Laplace operator 
whose metric satisfying the Ricci flow. For the p-Laplace operator, besides many 
interesting properties between the eigenvalues of the p-Laplace operator and geo- 
metrical invariants were pointed out in fixed metrics (e.g. [10], [M], [16], [21]), the 
first author in [28| studied the monotonicity for the first eigenvalue of the p-Laplace 
operator along the Ricci fiow on closed manifolds. 

In this paper, on one hand we will improve those results in |28j and discuss 
the differentiability for the first eigenvalue of the p-Laplace operator along the 
unnormalized Ricci flow. Meanwhile we construct some monotonic quantities along 
the unnormalized Ricci flow. On the other hand, we will deal with the case of the 
normalized Ricci fiow in the same way and give an interesting application. For the 
unnormalized Ricci flow, we first have 

Theorem 1.1. Let g(t), t £ [0,T), be a solution of the unnormalized Ricci flow 
iLl\) on a closed manifold M" and Xi_p{t) be the first eigenvalue of the p-Laplace 
operator {p > 1) of g(t). If there exists a nonnegative constant e such that 

(1.7) R^J - f9^J > -eg^J in M"x[0,r) 
and 

(1.8) R>p e and R^p-e in Af" x {0}, 

then Ai,p(t) is strictly increasing and differentiable almost everywhere along the 
unnormalized Ricci flow on [0,r). 

Remark 1.2. (1). In [2S], the first author proved a similar result as in Theorem 
II. 1[ where he assumed p >2, inequality (|1.7p and R > p ■ e in M" x {0}, which are 
a little stronger than assumptions of Theorem 11.11 The key difference is that the 
proof approach here is different from that in [28] . 

(2) . As mentioned Remark 1.2 in [2H], the time interval [0,r) of Theorem 11.11 
here may be not the maximal time interval of existence of the unnormalized Ricci 
fiow. In fact if we trace (jl.7p and assume that p < n, then we have an upper bound 
estimate for the scalar curvature (e ^ 0). But as we all known, curvature operator 
must be blow-up as t — > T (T < oo) when the curvature operator is positive and 
[0,r) is the maximal time interval (sec Theorem 14.1 in [TTj). 

(3) . Theorem 11.11 still holds if the conditions (|1.7I) and (|1.8p are replaced by 
- ^9ij > -'^9ij in X [0, T) and i? > p • e in M" x {0}. 
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(4). For any closed 2-surfacG and 3-manifold, we can relax the above assump- 
tions ()1.7|) and (jl.Sp to the only initial curvature assumptions by the Hamilton's 
maximum principle. We refer the reader to [2 8) for similar results. 

Remark 1.3. Most recently, in :3^ X.-D. Cao, S.-B. Hon and J. Ling derived a 
monotonicity formula for the first eigenvalue of —A + aR (0 < a < 1/2) on closed 
surfaces with nonnegative scalar curvature under the Ricci flow. Meanwhile they 
obtained various monotonicity formulae and estimates for the first eigenvalue on 
closed surfaces. 

Furthermore, if less curvature assumptions are given, we can construct two 
classes of monotonic (increasing and decreasing) quantities about the first eigen- 
value of the p-Laplace operator along the unnormalized Ricci flow. We refer the 
reader to Section |4] for the more detailed discussions (see Theorems 14.31 and 14.51 
and Corollary 14. 6|) . 



For the normalized Ricci flow, unfortunately we may not get any monotonicity 
for the first eigenvalue of the p-Laplace operator in general. However, if we know 
the first p-eigenvalue differentiability along the unnormalized Ricci flow, from the 
relation to the unnormalized Ricci flow, we can give another way to derive the first 
p-eigenvalue differentiability along the normalized Ricci flow (see Theorem 15.11 of 
Section [5]). 

Besides, the most important result is that we can construct various monotonic 
quantities about the first eigenvalue of the p-Laplace operator along the normalized 
Ricci flow on closed 2-surfaces without any curvature assumption. This also leads 
to the flrst p-eigenvalue differentiability along the normalized Ricci flow on closed 
2-surfaces without any curvature assumption. 

Theorem 1.4. Let g{t), t g [0,oo), he a solution of the normalized Ricci flow 
on a closed surface and let Ai^p(t) be the first eigenvalue of the p-Laplace 
operator of the metric g{t). Then each of the following quantities 

(1) Ai,,(i)- (f -fe«-He^*y^' 

'fl- 



>^i.p(t)\f-fe-+e-j -exp 

(2) Ai,p(i)-(1 + Cty/' 
Ai,p(i)-(l + CT>e(i-P/2)c^* 

(3) lnAi,p(f) + §-(fe'=*-ffi) 
lnAi,p(i) + (2-f)£e^*-t-fi 



2 / r 



(P > 2), 
(l<p<2), 

(P>2), 
{1<P<2), 

iP > 2), 
(1<P<2), 



ff xiM^) < 0; 
ff X{AP) = 0; 
ff x(M2) > 



is increasing and therefore Xi.p{t) is differentiable almost everywhere along the 
normalized Ricci flow on [0,(x), where x(M^) denotes its Euler characteristic, 
Po '■= infj\,f2 R{0) and C > is a constant depending only on the initial metric. 

In the same way, we can also obtain the decreasing quantities on closed 2-surfaces. 



Theorem 1.5. Under the same assumptions as in Theorem \1.4\ then each of the 
following quantities 

(1) lnAi,p(i)-|-Se« {p>2), 



Ai 



-1) 



exp(-^e^*) (1< p < 2), if x(M2) < 0; 
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{2) \n\i,p{i)~^-Ci (p>2), 

Xi,p{i)-{l + Ci)^^~'^-e-^^ {1<P<2) ifx(M')=0; 

(3) lnAi,p(f)-|-Se^f (p > 2), 




malized Ricci flow on [0,oo), where xiM'^), po and C are as in Theorem \l.^\ 



Remark 1.6. We may apply similar techniques above to obtain interesting mono- 
tonic quantities about the first eigenvalue of the p-Laplace operator along the nor- 
malized Ricci flow in high-dimensional cases under some curvature assumptions, 
but the proof needs more computing. Here we omit this aspect. 

Some parts of results for p = 2 above were proved by L. Ma [20] and J. Ling |19) . 
But our method of proof is different from theirs. Their proofs strongly depend on 
the differentiability for the eigenvalues and the corresponding eigenf unctions. But 
in our setting (p > 2) it is not clear whether the eigenvalue or the corresponding 
eigenfunction is differentiable in advance. Our method is similar to X.-D. Cao's 
trick in 11^ , which does not depend on the differentiability for the eigenvalues or the 
corresponding eigenfunctions. 

With the help of Theorem ll.4l our below topic is to extend an earlier J. Ling's 
result for p — 2 (see [18j). Here we call it p-eigenvalue comparison- type theorem. 
For the convenience of introducing our result, we shall state a well-known fact, which 
was proved by R.S. Hamilton and B. Chow (see also [7], chapter 5 for details). 

Theorem E. (Chow-Hamilton, ^ and If {M'^,g) is a closed surface, there 
exists a unique solution g{t) of the normalized Ricci flow !il.'2^) . The solution exists 
for all the time. As t — > oo, the metrics g(t) converge uniformly in any C^-norm 
to a smooth metric g{~ g{oo)) of constant curvature. 

Let {M^,g) be a closed surface. Let Kg, Kg, Areag(M^) denote the Gauss curva- 
ture, the minimum of the Gauss curvature, the area of the surface M^, respectively. 
Ai_p(g) denotes the first eigenvalue of the p-Laplace operator with respect to the 
metric g. Then we prove that 

Theorem 1.7. (p-eigenvalue comparison-type theorem). Suppose that {M'^,g) is a 
closed surface with its Euler characteristic x{M'^) < 0. The Ricci flow with initial 
metric g converges uniformly to a smooth metric g of constant curvature. Then for 
any p>2, 



In conclusion, our new contribution of this paper is to obtain the monotonicity 
for the first eigenvalue of the p-Laplace operator, and construct many monotonic 
quantities involving the first eigenvalue of the p-Laplace operator along the Ricci 
flow under some different curvature assumptions. By the monotonic property, we 
can judge the differentiability in some sense for the first eigenvalue of a nonlinear 
operator with respect to evolving metrics. Using the same idea of our arguments. 



(1.9) 




and the constant Gauss curvature for metric g is Kg 



27rx(Af2)/Areag(M2). 
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we easily see that Perelman's eigenvalue is differentiable almost everywher^. From 
Theorem 11.41 above and Corollary 15.41 below, we also see that the first eigenvalue 
of the p-Laplace operator is differentiable almost everywhere along the Ricci flow 
on closed 2-surfaces without any curvature assumption. For high-dimensional case, 
the similar differentiability property still holds as long as some curvature conditions 
are satisfied. Of course, the proofs of these results involve many skilled arguments 
and computations. Finally, it should be remarked that it is still an open question 
whether its corresponding eigenfunction is differentiable with respect to t-variable 
along the Ricci flow. 

The rest of this paper is organized as follows. In Section [2l we will recall some 
notations about p-Laplace, and prove that ^i,pig(t)) is a continuous function along 
the Ricci flow. In Section [3l we will give Proposition 13.11 Using this proposition, 
we can finish the proof of Theorem 11.11 In Section |4j we will construct two classes 
of monotonic quantities about the first eigenvalue of the p-Laplace operator along 
the unnormalized Ricci flow. In Section [5l we will discuss the normalized Ricci 
flow case and mainly prove Theorems 11.41 and 11.51 In Section |6l we shall prove 
p-eigenvalue comparison- type theorem, i.e.. Theorem 1 1.71 In Section [71 we will use 
the same method to study the first eigenvalue of the p-Laplace with respect to 
general evolving metrics, especially to the Yamabe flow. 

2. Preliminaries 

In this section, we will first recall some definitions about the p-Laplace operator 
and give the definition for the first eigenvalue of the p-Laplace operator under the 
Ricci flow on a closed manifold. Then we will show that the first eigenvalue of the 
p-Laplace operator is a continuous function along the Ricci flow. 

Let M" be an n-dimensional connected closed Riemannian manifold and g{t) 
be a smooth solution of the Ricci flow on the time interval [0,T). Consider the 
nonzero first eigenvalue of the p-Laplace operator (p > 1) at time t (also called the 
first p-eigenvalue) , where < t < T, i.e., 

(2.1) Ai,,(t):=inf (4^^^:/eM/i.P(M), / j/r^d^ = j . 

Obviously, this infimum does not change when W^'P{M) is replaced by C°°{M). 
For the fixed time, this infimum is achieved by a C^'" (0 < a < 1) eigenfunction 
fp (see [25] and [26]). The corresponding eigenfunction fp satisfies the following 
Euler-Lagrange equation 

(2.2) Ap/p = -Ai,p(i)|/prVp, 

where Ap {p > 1) is the p-Laplace operator with respect to g{t), given by 

(2-3) A,^,,,/:=div,(,)(M/|^-,Jd/). 

li p = 2, the p-Laplace operator reduces to the Laplace-Beltrami operator. The 
most difference between two operators is that the p-Laplace operator is a nonlinear 
operator in general, but the Laplace-Beltrami operator is a linear operator. 

Note that it is not clear whether the first eigenvalue of the p-Laplace operator 
or its corresponding eigenfunction is C^-diffcrentiable along the Ricci flow. When 



Note that many literatures have pointed out that the differentiability for Perelman's eigenvalue 
follows from eigenvalue perturbation theory (see also Section 2). 
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p = 2, where Ap is the Laplace-Beltrami operator, many papers have pointed out 
that their differentiabihty follows from eigenvalue perturbation theory (for example, 
see [2], [13], [TS] and [H]). But p 7^ 2, as far as we are aware, the differentiability 
for the first eigenvalue of the p-Laplace operator or its corresponding eigenfunction 
along the Ricci flow has not been known until now. Even we have not known 
whether they are locally Lipschitz. So we can not use the method used by L. Ma 
to derive the monotonicity for the first eigenvalue of the p-Laplace operator. 

Although we do not know the differentiability for Ai_p(i), we will see that Xi^p{g(t)) 
in fact is a continuous function along the Ricci flow on [0, T). This is a consequence 
of the following elementary result. 

Theorem 2.1. If gi and g2 are two metrics which satisfy 

{l + e)-'gi <52 < (l + e).gi, 
then for any p > 1, we have 

(2.4) (i+e)-("+5)<^^^ <(! + £)("+«). 

In particular, Ai,p(g(t)) is a continuous function in the t-variable. 

To prove this theorem, we first need the following fact. Let {M",g) be an n- 
dimensional closed Riemannian manifold. For any non-constant function /, consider 
the following C-'^-function on s e (—00, 00) 

F(s):= / \f + sfd^i„ {p>l). 

JM" 

Lemma 2.2. There exists a unique sq G (—00, 00) such that 

(2.5) F(so) = minF(s) if and only if / \f + sof''^{f + so)dfig = 0. 

Proof. Note that the function |a;|P (p > f) is a strictly convex function on a; G R. 
Meanwhile we can also check that 

lim F{s)^ +00, F'{s)^p( \f + sl''-^ if + s)dfig. 

Therefore F(s) is a strictly convex function and there exists a unique sq G (—00, +00) 
such that 

(2.6) ^^(so) = minF(s) and F'{s)^p[ \f + sol"'^ [f + so)dtig = 0. 

□ 

Now using Lemma 12. 2i we give the proof of Theorem 12.11 
Proof of Theorem \2.1\ Since the volume form d/i has degree n/2 in g, we have 

(2.7) (1 + e)-'^'^d^ig, < dfig, < (1 + e)"/'d/iffi • 

Taking / be the first eigenfunction of Ap with respect to the metric 171 , we see that 

(2-8) W5i) = 4^^^^|^ and / \fr^fd^g,=0. 
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Since ^fdfig^ = 0, Lemma [2?2] implies 

/ Iff dfig, =mm \f + sfd^lg,. 
Hence by (I2.8p . we conclude that 

Keep in mind that under another metric 52, for function F{s) — Jj^j |/ + s|'' d^g^ , 
there exists a unique sq G (—00, +00) such that 

(2.10) F(so) = minF(i) and F'{s)=pf \f + sol"'^ {f + so)d^lg, = 0. 
Using (|2.7p . from (|2.9p we conclude that 



(2.9) Ai,p(5i) 



Letting s = sq in (I2.1ip yields 

(2.12) > (1 + ^)-^"+«^ • ^ (1 + ^)"^""*'^^ • ^i-^^'^)' 

Ja/ \f + so\Pdng, 

where for the last inequality we used \ f + sof ^ (/ + so)dfig2 = and the 
definition for the first p-eigenvalue with respect to the metric g2- 

From the course of this proof, we easily see that p.l2p still holds if we exchange 
gi and g2- Hence 

(2.13) (1 + £)-("+i) < ^i4^ < (1 + £)("+i). 



This completes the proof of Theorem 12.11 □ 

3. Proof of Theorem 11.11 

In this section, we will prove Theorem 11.11 in introduction. In order to achieve 
this, we first prove the following proposition. Our proof involves choosing a proper 
smooth function, which seems to be a delicate trick. 

Proposition 3.1. Letg{t), t G [0,T), be a solution oj the unnormalized Ricci flow 
il.l]) on a closed manifold M" and let Ai.p(t) be the first eigenvalue J the p- Laplace 
operator along this flow. For any ti,t2 G [0,7") and ^2 > ti, we have 

(3.1) \1At2) > XiAti) + r GigiO, /(0)de, 

where 

(3.2) g{g{t)J{t)):^p [ \df\P-^mc{Vf,Vf)dfi-p f Apf^dfi^ f \df\^Rd,ji 

JM JM 01 Ja/ 

and where f{t) is any C°° function satisfying J^^ l/I^^M — 1 '^'^^ /a/ \ f\^''^fd^J' — 0, 
such that at time t2, f{t2) is the corresponding eigenfunction of Xi^p{t2). 
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Proof. Set 



We claim that, for any time <2 G (O^T), there exists a function f{t) satisfying 
(3.3) / |/(i)rdMs(t) = 1 and / |/(i)r'/(t)rfMg(t) = 

and such that at time t2, 7(^2) is the eigenfunction for Ai^p(t2) of Ap^^^^j. To see 
this, at time t2, we first let /2 = 7(^2) be the eigenfunction for the eigenvalue 
M,p{t2) of Ap^^^^y Then we consider the following smooth function 



(3.4) h{t) = h 



dei{gij{t)) 

under the Ricci flow gij(t). Later we normalize this smooth function 

(3.5) m = ^^^^^ 

under the Ricci flow gij{t). From above, we can easily check that f{t) satisfies 
By the definition for Ai_p(t2), we have 

(3.6) Ai,p(t2) = G(5(<2),/(i2)). 
Notice that under the unnormalized Ricci flow, 

d 



where fi and Rij denote the covariant derivative of / and Ricci curvature with 
respect to the Levi-Civita connection of g{t), respectively. 

Note that G{g{t), f{t)) is a smooth function with respect to t-variable. So 
(3.8) 

gig{t)J{t)):^jG{g{t)J{t)) 

= / ^M/r^M- / \df\PRdn 

=p[ \dfr'R.,,fj,dfi+p [ \df\p-^f,^mdfi~ [ \df\pRdti 

JM JM CIt Jj^i 

=p[ \dfr'R,,f,f,dfi~p [ v,{\dfr^f,)%d^i- f \df\pRdfi 

JM JM C'^ JM 

= p[ \dfr'R,,fJ,dfi^p [ Apf%d^i^ [ \df\PRdn, 

JM JM 01 Jj^f 

where we used p.7p . Taking integration on the both sides of p. 81) between ti and 
^2, we conclude that 

(3.9) G(g(i2), f{t2)) - G{g{h), f{h)) = Q{g{i)J{£,m. 

Jti 

where ti G [0,T) and ^2 > ti. Noticing G{g{ti), f{ti)) > Ai^p(ti) and combining 
p.6|) with p.9p . we arrive at 

Ai,p(t2) > Ai,p(ti) + r g{g{OJ{0)d^, 
Jti 
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where ^ (5 (0 , / (0 ) satisfies dS!]) . □ 

In the following of this section, we will finish the proof of Theorem 11.11 using 
Proposition 13. II 

Proof of Theorem \l.l[ In fact, we only need to show that Q(g{t),f{t)) > in 
Proposition 13. II Notice that at time M,p{t2) is the first eigenvalue and f(t2) is 
the corresponding eigenfunction. Therefore at time ^2 , we have 
(3.10) 

G{9{t2)J{t2))^P f \df\P-'R,,fJ,dfi-p f Apf^dfi- f \df\PRdfi 
Jm Jm ot j j^j 

=p f \dfr'R,,fjjdfi+px,,p{t2) [ \fr'f%dfi f \df\pRdfi, 

Jm Jm ci^ Jm 

where we used Apf{t2) = -Ai,p(i2)|/(t2)|P-'/(i2). 

Under the unnormalized Ricci flow, from the constraint condition 

we know that 

(3.11) P I Ifr^Mdf,^ [ \f\PRd^,. 

Substituting this into the above formula (I3.10p and combining the assumption of 

Theorem O % - ^g^j > -eg.^ in M" x [0,r), we obtain 

(3.12) 

Q{g{t2)J{t2))^P I \df^^R^,f^f,d^i+pX^,p{t2) f Ur^f^d^i-f \df\PRdfi 

Jm Jm ot j 

= Ai,p(t2)/ \f\PRdfi+ f \df\P-\pR,J^Rg,J)Uf,d^l 
Jm Jm 

>Xi.At2) I \f\PRdfi--p-e f \df\Pdfi 
Jm Jm 

= XiAt2) I \f\p{R~p■e)d^l. 

Jm 

Meanwhile we also have another assumption of Theorem 1 1.1 1 on the scalar curvature 

R>p-e and R^p-e in M" x {0}. 

It is well-known that i? > p ■ e is preserved by the unnormalized Ricci flow. Fur- 
thermore by the strong maximum principle (for example, see Proposition 12.47 of 
Chapter 12 in ^S]), we conclude that 

(3.13) R>p-e in M"x[0,r). 

Plugging this into p.l2p implies Q{g{t2), f{t2)) > 0. Notice that f{x, t) is a smooth 
function with respect to variable. Therefore we can arrive at Q{g{£,), fiO) > 
any sufficient small neighborhood of ^2- Hence 

(3.14) r Qi9{OJiO)dC>0 

Jti 

for any ti < t2 sufficiently close to t2- In the end, by Proposition 13. II we conclude 

Ai,p(i2) > Ai_p(/:i) 
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for any ti < t2 sufficiently close to t2. Since t2 G [0,T) is arbitrary, then the first 
part of Theorem 11.11 follows . 

As for the differentiability for Ai.p(i), since Ai.p(t) is increasing on the time in- 
terval [0, T) under curvature conditions of the theorem, by the classical Lebesgue's 
theorem (for example, see Chapter 4 in [22]), it is easy to see that Xi,p{t) is differ- 
entiable almost everywhere on [0,r). □ 

Remark 3.2. (1). Our proof of the first p-eigenvalue monotonicity is not derived 
from the differentiability for Xi^p{t) or its corresponding eigenfunctioii. In fact we 
do not know whether they are differentiable in advance. It would be interesting 
to find out whether the corresponding eigenfunction of the p-Laplace operator is a 
C-'^-differentiable function with respect to t-variable along the Ricci flow on a closed 
manifold Af ". If it is true, we can use L. Ma's method to get our result. 

(2) . If p = 2, the above theorem is similar to L. Ma's main result for the first 
eigenvalue of the Laplace operator in [2(1. 

(3) . Using this method, we can not get any monotonicity for higher order eigen- 
values of the p-Laplace operator. 



4. MONOTONIC QUANTITIES ALONG UNNORMALIZED RiCCI FLOW 

Motivated by the works of X.-D. Cao [I] and [2], in this section, we first introduce 
a new smooth eigenvalue function (see (|4.1I) below) , and then we give the following 
useful Lemma 14.11 resembling Proposition 13.11 of Section [3l Using this lemma, we 
can obtain two classes of interesting monotonic quantities along the unnormalized 
Ricci flow, that is, Theorem l4.31 Theorem 14.51 and Corollarv l4.6l Then by means of 
those monotonic quantities, we can prove the differentiability for the first eigenvalue 
of the p-Laplace operator along the unnormalized Ricci flow. 

Let M" be an n-dimensional connected closed Riemannian manifold and g{t) be 
a smooth solution of the normalized Ricci flow on the time interval [0, oo). Now we 
can define a general smooth eigenvalue function 

(4.1) Ai,p(/,i):=/ K J-fdfL^f \dffdt,, 

Jm Jm 

where / is a smooth function and satisfies the following equalities 

(4.2) / |/(f)|Pd/i5(,~) = 1 and / |/(f)|P-2/(t)rfAg(t) - 0. 

J M J M 

From the proof of Proposition 13. 1[ we see that the above restriction (|4.2p can be 
achieved. 

Obviously, at time ioj if / is the corresponding eigenfunction of the first eigen- 
value Ai,p(to), then 

Xi,pif, to) — Xi,p{to). 

For the convenient of writing, we shall drop the tilde over all the variables used 
above to distinguish between the normalized and unnormalized Ricci flow. 

Lemma 4.1. // Ai_p(i) is the first eigenvalue of Ap^^_^^, whose metric satisfying 
the normalized Ricci flow and f(to) is the corresponding eigenfunction of \i^p{t) at 
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time to, then we have 
d 



(4.3) 



^^Ai,p(/,t) =Ai,p(/(to),to) / \f\^Rd^i + p 



M 



M 



Rijfifjd^ 



P 



M 



fi?dA*--rAi,p(/(io),io). 



In particular, for any closed 2-surface, we have 
d_ 
dt' 



(4.4) 



^Ai,p(/,i)[^^^ =Ai,p(/(to),to) JJf\''Rdfi+{^-l) 



fRd^ 



M 



P 

2''Ai,p(/(to),io), 



where f evolves by ^.S^ with the initial data /(to)- 

Proof. The proof is by direct computations. Here we need to use 



d 



dt' 



^f^ 



d 



df 



Then 



dt 



t = to 



p \dfr^R,,fj,dfi+p \df\p-^f, 



M 



M 



dt 



dfi 



(4.5) 



p I \df\P-dfi+ I \df\P{r-R)dfi 
Jm " Jm 

[ \df\P-'R,,fJ,dfi~p [ v,(M/| 
Jai Jm 



IM 

P 

-rXi,p{f{to),to) 



M 



M 

-rXi,p{f{to),to) 
n 



pj \df\p-^R,,f,f,dii+p\,,p{f{to)M) I ifr'f^d^i 



M 



\df\P{r - R)dfi, 



M 



where we used / is the eigenfunction at time to, i.e., equation (\2.2^ at time to- Note 
that by l|4.2p . we have 



P 



I l/rV§7d/^= / \Iy\R-r)d^,. 

Jm ci^ Jm 



(4.6) 



Plugging this into (14. Sp yields the desired (|4.3p . For any closed 2-surface, we have 

□ 



Ri] = f Hence follows from 

Remark 4.2. In [28 , the first author used a similar method and proved a similar 
result for the unnormalized Ricci flow (see Proposition 2.1 in [28)'). 



In the following we first obtain increasing quantities along the unnormalized 
Ricci flow by using Lemma |4. II 



Theorem 4.3. Let g{t) and Xi p(t) [p > 1) he the same as in Theorem If 
Po infj\/ R{Q) > and 



(4.7) 



R^3 - f9^J{t) > 



M" X [0,T), 
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di' 



then the following quantity 

(4.8) Ai,p(i)- (poi-2at)^, 

is strictly increasing and therefore Xi^p(t) is differentiable almost everywhere along 
the unnormalized Ricci flow on [0, T'), where a:= max{^, p-} andT':= mm{-^^ , T}. 

Proof. We assume that at time to G [0,r), if g is the corresponding eigenfunction 
of Ai.p(io), then under the unnormalized Ricci flow, we can construct a smooth 
function / satisfying 

|/(i)pM5(t) = 1 and / |/(i)r'/(t)rfM<,(t) =0, 

M JM 

and such that at time t — to, f = g is the eigenfunction of Ai^j,(to). Meanwhile 
we can define a general smooth eigenvalue function Xi,p(f,t) as (|4.ip under the 
unnormalized Ricci flow. Obviously, we have 

Xi,p{f{to),to) = Ai^p(io). 

According to (|4.3|) of Lemma 14. 1[ we have 
(4.9) 

-Ai,p(/,0 = Ai,p(/(to),io) / \f\PRdii+ [ \df\^-\pR,,-Rg,,)f,f,d^i, 
*=*o Jm jm 

where / is a smooth function satisfying the above assumptions. By the assumption 
Rij — ^gij > of Theorem 14. 3[ we get 

(4.10) :^Ai,p(/,t) > Ai,p(/(to),to) / \fY'Rd^i. 
at t=to J j^j 

The evolution of the scalar curvature R under the unnormalized Ricci flow 

d 

—R^AR + 2\Ric\^ 
and inequality [fficp > aR^ {a :— max{i, ^}) imply 

(4.11) ^R> AR + 2aR\ 

ot 

Since the solutions to the corresponding ODE 

dp/ dt = 2ap^ 

are 

p{t) = „ ie[o,T'), 

po 2at 

where po := infj\,/i?(0) and T' :— min{(2apo) "'^j T}. Using the maximum principle 
to (|4.11l) . we have R{x,t) > p(t). Therefore (|4.10l) becomes 

-^Ai,p(/, t) > Ai,p(/(to), to) ■ p{to). 
dt t=to 

Note that Ai_p(/, i) and p{t) are both smooth functions with respect to i- variable. 
Hence we have 

(4.12) ^Ai.p(/,t)>Ai,p(/(t),t)-p(t) 
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in any sufBciently small neighborhood of <o- Now integrating the above inequality 
with respect to time t on time interval [ti,to], we get 

lnAi,p(/(to),to)-lnAi,p(/(ii),ii) 
^^•^^^ > (-^) ■ In {Po' - 2ai) - ■ In (p^' 2at 



t=ta \ 2a 



for any ti < to sufficiently close to to- Note that Ai,p(/(to), ^o) = M,p{to) and 
Xi,p{flti),ti) > Xi,p{ti). Then (|4J3)) becomes 

In Ai,p(to) + In {po^ - 2ato) * > In Ai,p(ti) + In (p^ ^ - 2aii) * . 

Namely, 

Kp{io) ■ {Pa' - 2ato)* > Ai,p(ti) • (pg ^ ~ 2at,)^ 
for any < to sufficiently close to to- Since to is arbitrary, then (|4.8p follows. 
Now we know that 

is increasing along the unnormalized Ricci flow. Moreover, (pq^ —2at^^'^ is a 
smooth function. Hence by the Lebesgue's theorem, Ai^p(i) is differentiable almost 
everywhere along the unnormalized Ricci flow on [0,T'). □ 

1 

Remark 4.4. Since function (^p^^ — 2ai) ^" is decreasing in t-variable, Theorem 14.31 
also implies that Ai p{t) is strictly increasing along the unnormalized Ricci flow on 

[o,r'). 

We also have decreasing quantities along the unnormalized Ricci flow. 
Theorem 4.5. Let g{t) and Xi.p{t) (p > 1) be the same as in Theorem \l.l\ If 

(4.14) < R,j < fg,,{t) in Af" x [0,T), 
then the following quantity 

(4.15) Ai.p(t) • (^ao' - ^t 
is strictly decreasing and therefore Xi.p{t) is differentiable almost everywhere along 

2 

the unnormalized Ricci flow on [0,r'), where ao supjyf R{0) andT' min{ ^^^^ , T}. 



Proof. The proof is similar to that of Theorem 14.31 with the difference that we need 
to estimate the upper bounds of the right hand side of ()4.16p . Here we only briefly 
sketch the proof. According to (|4.3p of Lemma 14. 1[ we have 
(4.16) 

'^-Ai,p(/,i) - Ai,p(/(io),io) / \fY'Rdfi+ [ \df\P-^{pR,j~Rg,j)fJjdp, 
t-to Jm Jm 



dt 



where / is a smooth function satisfying the same assumptions as in the proof of 
Theorem lO 

Note that < Rij < ^gij implies |i?ic|^ < p-i?^. So the evolution of the scalar 
curvature R under the unnormalized Ricci flow 

= Ai? + 2|fficP 

at 
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implies 

4.17 T-R< AR+ ^R^. 

at p-^ 

Applying the maximum principle to (j4.17l) . we have 

< R{x,t) < a{t), 

where 

2 

and where (Tq '-^ sup^,^ ^(0) ^^^id T' := min{ ^^^^ , T}. 

Substituting < R{x,t) < a{t) and < i?y < into yields 

d 



dt 

Hence 



Ai,p(/,t) < Ai,p(/(to),to) • o-(io)- 

t = to 



dt 

in any sufSciently small neighborhood of tg. Integrating this inequality with respect 
to time t on time interval [ioj^i] yields 

2 2 

\ f \ f -I 2n \^ , ^ f -I 2n 

• I o-Q ^ ) < Ai,p(io) • I - —to 

for any ti > tg sufficiently close to to, where we used Ai^p(/, to) — Ai,p(to) and 
Ai,p(/, ti) > Ai_p(ti). Since to is arbitrary, then Theorem 14.51 follows. □ 

For any closed 3-manifold, we have 

Corollary 4.6. Let g[t) and Xi,p(t) be the same as in Theorem It. 11 . where we 
assume n — 3 and 1 < p < 3. If 

(4.18) < i?,, (0) < ^5.j(0) in x {0}, 

then the conclusion of Theorem \4.5\ is also true. 

Remark 4.7. Note that if p = 2, condition (14.181) is the same as positive sectional 
curvatures of this closed manifold. 

Proof. According to Hamilton's maximum principle for tensors (see Theorem 9.6 



Ricci flow. Therefore the desired conclusion follows from Theorem 14.51 □ 



in [H]), for 1 < p < 3, we conclude that < Rij < ^gij is preserved under the 



5. First ^-eigenvalue along normalized Ricci flow 

In this section, we will first discuss the differentiability for Ai^p(g(t)) under nor- 
malized Ricci flow by means of the differentiability for Xi^p{g{t)) under unnormal- 
ized Ricci flow. Then for closed 2-surfaces, we obtain many monotonic quantities 
about the first eigenvalue of the p-Laplace operator along the normalized Ricci flow 
without any curvature assumption, that is. Theorems ll.4l and ll.5l in introduction. 

At first we can apply the differentiability for Xi^p{g{t)) under the unnormalized 
Ricci fiow to derive the differentiability for Xi,p{g{i)) under the normalized case. 
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Theorem 5.1. Let g{t), t € [0, oo), be a solution of the normalized Ricci flow il.S^) 
on a closed manifold M" and let Xi^p{t) be the first eigenvalue of the p-Laplace 
operator of the metric g{t). If the curvature assumptions of Theorem \l.l\ (Theorem 
\4^.S\ Theorem \4-.5\ or Corollary \4-.6^ are satisfied, then Xi^p{t) is differentiable almost 
everywhere along the normalized Ricci flow on [0, oo) in each case. 

Proof of Theorem \5.1\ Under the normalized Ricci flow g{t) :— c(t)g{t), we have 
(5.1) A, Mi)) = l^^^S^ . ^ ^(,)-./JmM/|-,)^M 

where / is the eigenfunction for the first eigenvalue Ai.p(i) with respect to g{t), 
which implies \f\^~'^fdfi = 0. Since g{i) c{t)g{t), we also have 



Jm 



Consider the following quantity 

where (j) is any function. Clearly, if </) = /, then (|5.2|) achieves its minimum. If 
it is not true, this contradicts (15.11) by choosing c(t) — 1. Therefore (15.11) implies 
that 

Ai,,(5(t))=c(i)-^/'-Ai,p(g(t)). 

Note that Xi^p{g{t)) is differentiable almost everywhere under the curvature as- 
sumptions of Theorem ll.il (Theorem 1431 Theorem 14. 5 1 or Corollary 221) ^^'^ c(<) is 
a smooth function. Hence Xi^p{t) is differentiable almost everywhere in each case 
along the normalized Ricci flow on [0, oo). □ 

Remark 5.2. For any 2-surface, we claim that Xi^p{t) is differentiable almost every- 
where along the Ricci flow without any curvature assumption (see Theorems 11.41 
and ll.5[ and Corollary [57 



In the rest of this section, we shall discuss the monotonic quantities about the 
first eigenvalue of the p-Laplace operator along the normalized Ricci flow on closed 
2-surfaces. From this, we also see that Ai_p(<) is differentiable almost everywhere 
along the normalized Ricci flow without any curvature assumption. 

We recall the following curvature estimates along the normalized Ricci flow on 
closed surfaces (see Proposition 5.18 in [71). 

Proposition 5.3. For any solution {M'^,g(t)) of the normalized Ricci flow on a 
closed surface, there exists a constant C > depending only on the initial metric 
such that: 

(1) lfr<0, then r - Ce"* <R<r + Ce''*. 

(2) //r = 0, then -ytcI <R<C. 

(3) lfr>0, then -Ce^* <R<r + Ce''*. 

Now using Proposition [531 we shall prove Theorem ll.4l The method of proof is 
almost the same as that of Theorem 14.31 



FIRST EIGENVALUE OF THE p-LAPLACE OPERATOR ALONG THE RICCI FLOW 17 



Proof of Theorem \1.4\ Step 1 : we first prove the case p>2. Since n = 2, by ()4.4p 
of Lemma |4.H under the normalized Ricci flow, we have 



(5.3) 



d 
dt 



Ai,p(/,t) -Ai,p(/(to),to) / \f\PRdfi+(?--l) 

t=to Jm \L / 



'RdpL 



M 



r\i,p{f{ta),ta), 



where / is defined by Lemma |4. II 
Case 1: x{M^) < 0. 

Note that the evolution of the scalar curvature R on a closed surface under the 
normalized Ricci flow is 



(5.4) 



di 



R = AR + R{R-r). 



By the Gauss-Bonnet theorem, r is determined by the Euler characteristic x{M'^), 
i.e., r = 47rx(M^)/Area(M^). Now if x(Af^) < 0, applying the maximum principle 
to equation (15. 4p . we obtain sharp lower bounds of the scalar curvature R: 



(5.5) 



R{x,t) > 



1 - (1 - ^)e'- 

^ Pa ' 



t e [o,oo). 



Note that in this setting, we need more accurate lower bounds than Proposition 
5.31 By inequality (|5.5|) . we have 



e, t G [0,cx}) 



(5.6) 



R{x,t) > 



1 _ (1 _ J-)ert 

^ Pa ' 



for e > sufficiently small. Substituting this into the above formula (j5.3p , we obtain 



d\i,p{f,t) 



dt 



> Ai,p(/(to),io) 



1 - (1 - ^)e'-*o 2 



(5.7) 



fP ,\ r\p{f{to),to) pe ^ , ^ 

[2 ' V 1 - (1 - ^)erto - Y^^M{to),to) 

^ Po ' 



2'^l:p(/(*0),i0) 



1 - (1 - ^)e'-*« 



r — e 



Since Ai.p(/, i) is a smooth function with respect to t-variable, we have 
(5.8) 



|Ai,p(/,t)>|Ai,,(/(t),t) 



1 - (1 - ^)e'- 

V On ^ 



in any sufficiently small neighborhood of to- Integrating the above inequality with 

respect to time i on a sufficiently small time interval [ti , tp] , we obtain 

(5.9) 

lnAi,p(/(io),to)-lnAi,p(/(ii),<i) 
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for any ti < to sufBciently close to to (Note that ti may equal to 0). Since 

Ai.p(/(to),io) = Ai.p(io) and Ai,p(/(ti), ti) > Ai,p(ti), then we have 

(5.10) 

lnAi,p(to) - lnAi,p(ii) 



> 



P 



In 



Po 



1 - (1 - ^)e'-*o 

^ Pa > 



{r + ()to 



In 



Po 



1 - (1 - 

^ Pa ' 



{r + e)ti 



for any t\ <to sufficiently close to to- Since to is arbitrary, we conclude that 

V 



(5.11) 



In Ai,p(i) 



In 



2_ rt 
PO*^ 



1 - (1 - j-\et 

^ Pa' 



(r + t)t 



is increasing along the normalized Ricci flow. Taking e — > 0, we know that 



(5.12) 



In 



Ai,p(^) • — - — «^ 



p/2 



is non-decreasing along the normalized Ricci flow. By the Lebesgue's theorem, 
(|5.12p is differentiable almost everywhere along the normalized Ricci flow on [0, oo). 
We also note that 

r r 

is a smooth function. Hence \i,p{t) is differentiable almost everywhere along the 
normalized Ricci flow. 
Case 2: x{M^) = 0. 

If x(M^) = 0, i.e., r = 0, by Proposition 15.31 we have 



(5.13) 



R{x,t) > 



C 



1 + Ct 



Substituting this into formula (|5.3p and applying similar arguments above (in case 
of x(-M^) 7^ 0), we can obtain the desired results. 
Case 3: xiM^) > 0. 

This proof is similar to the proof of Case 2. we still use Proposition 15.31 and 
formula 



Step 2: we consider the case 1 < p < 2. Since the method of proof is similar to 
the previous discussions, we only give some key computations. 
Case 1: xi^'^) < 0. 

By (15. 3p and R < r + Ce*"* of Proposition 15.31 we have 
(5.14) 



:^Ai,p(/,0 > Ai.p(/(to),io) 
at t=to 



= Ai,p(/(to),io) 



1 _ (1 _ J_)e'-to 

^ Po ^ 



+ (|-l){r + C»".)-|, 



1 - (1 - ^)e 



rto 



- 1 Ce 



rto 



where / is defined by Lemma l4Tl 

Following similar arguments above, we conclude that (|5.14p still holds in any 
sufficiently small neighborhood of to- Then integrating this inequality with respect 
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to time t on a sufBciently small time interval [ii,to], we obtain 
(5.15) 



lnAi,p(/(io),io)-lnAi,j,(/(ti),ti) > 



In 



1 - (1 - ^)e'^*o 



In 



Po 



1 - (1 - ^)e''*i 



1 ) -e'-*^ 
r 



for any t\ < to sufficiently close to to- Note that Ai,p(/(io), ^o) = M,p{to) and 
Ai,p(/(ii)7 ^i) > Ai,p(ti). Hence we have 



In 



Ai,p(to) ■ 
> In 



1 - P) 
2/ r 



Aip(ii)-(---e^*^+e'^*^ 
^ r r 



1 - P) ^e-^ 
2/ r 



for any ti < to sufficiently close to to- Since to is arbitrary, the result follows. 
Case 2: xiM^) = 0. 

Using —j^Qi < R < C of Proposition 15. 31 we have 



(5.16) 



di' 



Ai.p(/,t) = Ai.p(/(to),to) / \df\PRd^l 



> Ai,p(/(to),to) 



1 + Cin 



where / is defined by Lemma 14.11 Then using similar arguments above, we can 
obtain the desired results. 
Case 3: xiM^) > 0. 

Using — Ce*"* < R < r + Ce''* of Proposition 15.31 we get 



dt 



Ai,p(/,0 



(5.17) 



^MAfito),to) / \f\PRdfi+(?--l 
- ^rXi^p{f{to),to) 



\df\PRdfi 



M 



> Ai,p(/(to),io) 



--2] Ce''*" 



where / is defined by Lemma 14.11 Then using the standard discussions above, we 
can obtain the desired results. □ 



In the following we will finish the proof Theorem 11.51 

Proof of Theorem \1.5l Step 1 : we ffist prove the case p > 2. 
The case x(Af^) = 0. 

By Proposition 15.31 we have R{x,t) < C. Substituting this into formula (j5.3p . 



|Ai,p(/,i)|^^^ <f •CAi,p(/(to),to). 



(5.18) 

Since Xi^p{f,t) is a smooth function with respect to i- variable, we have 



(5.19) |Ai,p(/,i)<|(C + e)Ai,p(/(t),t). 
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for e > sufficiently small in any sufficiently small neighborhood of to- Integrating 
the above inequality with respect to time t on a sufficiently small time interval 
[io,ii], we get 

(5.20) In Ai,p(/(ti), ti) - In Ai,p(/(io), io) < | (C + e) ti - | (C + e) io 

for any ti > to sufficiently close to <o- Note that Ai,p(/(to), ^o) = ^i,p{to) and 
Ai,p(/(ti),ti) > Ai,p(ii). So we have 

In Xi.pih) - I (C + e) ti < In Ai,p(to) -^iC + e)to 

for any ti > to sufficiently close to tQ. Since to is arbitrary, taking e — > 0, the result 
follows in the case of x = 0. 
The case xiM"^) ^ 0. 

The method of the proof is similar to the case of x{M'^) ^ 0. Here we only give 
some key inequalities. Using R < r + Ce^* of Proposition 15 .31 and formula (|5.3p . we 
have 



(5.21) 



|A,p(/,t) 



< fCe'-*°Ai,p(/(to),io) 

t — tn Z 



where / is defined by Lemma |4. II By similar arguments the results follows. 

Step 2: we consider the case 1 < p < 2. Similarly, we only give some key 
computations. 

Case 1: xiM^) < 0. 

Substituting (|5.5I) and R < r + Ce''* of Proposition 15.31 into formula (|5.3p . 
(5.22) 



^A,p(/,0 



t = to 



2 



1 - (1 - -^^)e'-*o 



Ce 



rto 



where / is defined by Lemma |4. II Then using the standard discussion as the case 
x(M^) = 0, we can obtain the desired results. 
Case 2: xiM^) = 0. 

Substituting — j^qi < R < C of Proposition 15.31 into formula (15. 3p , we have 



(5.23) 



dt 



Ai,p(/,i) < Ai,p(/(io),to) 



1 



C 



1 + Cto 



C 



where / is defined by Lemma |4. II Using similar discussion above, the result follows. 
Case 3: xiM^) > 0. 

Using — Ce*"* < R < r + Ce*"* of Proposition 15.31 we obtain 
(5.24) lx,Jf,t)\^^^^ < Ai,p(/(to),to) [(l - I) ■ r + (2 - |) Ce''*" 

where / is defined by Lemma 14.11 Then the desired results follow by the above 
similar discussions. □ 



We should point out that for closed 2-surfaces, we also have the differentiability 
result along the unnornialized Ricci flow without any curvature assumption. 

Corollary 5.4. Let g{t) and Xi,p{t) be the same as in Theorem ] 1. 11 where n ~ 2. 
Then Ai^p(t) is differ entiahle almost everywhere along the unnormalized Ricci flow. 
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Proof. For closed 2-surfaces, we know that the first eigenvalue of the p-Laplace 
operator is differentiable almost everywhere along the normalized Ricci flow. Hence 
the conclusion follows from the same argument as in the proof of Theorem l5.ll □ 



6. p-EIGENVALUE COMPARISON- TYPE THEOREM 

In Riemannian geometry, a convenient way of understanding a general Riemann- 
ian manifold is by comparison theorems. And many comparison theorems have 
been obtained, such as the Hessian comparison theorem, the Laplace comparison 
theorem, the volume comparison theorem, etc.. 

In this section, we will give another interesting comparison-type theorem on a 
closed surface with the Euler characteristic x(M^) < 0, which is motivated by the 
work of J. Ling |18| . However, our proof may be different from Ling's. Because we 
do not know the eigenvalue or eigenfunction differentiability under the Ricci flow. 
Fortunately we can follow similar arguments above and obtain our desired result. 

Let {M'^,g) be a closed surface. Let Kg, Kg, Areag(M^) denote the Gauss 
curvature, the minimum of the Gauss curvature, the area of the surface, respectively. 
Xi,p{g) denotes the first eigenvalue of the p-Laplace operator {p > 2) with respect 
to the metric g. We now prove the comparison- type theorem for Xi^p{g) on a closed 
surface with its Euler characteristic is negative. 

Proof of Theorem \1.7\ Let g{t) be the solution of the normalized Ricci flow on a 
closed surface 

(6.1) '-^ ^ ir - R)git) 

with the initial condition 17(0) — g, where R is the scalar curvature of the metric 
g{t) and r = J^^2 Rdfi/ /^^2 dfi, which keeps the area of the surface constant. In 
fact, from (|6.1|) we have 

^(d^) = (r - R)d^i 



and 



^Aveag^t) (m2) = ^ [ d^i= [ (r - R)dfi = 0. 
at at jj^j2 jj^j2 



dt 

Set A :— Areag(t)(M^) = Areag(M^). Obviously, along the normalized Ricci flow, 
the area A remains constant independent of time. By the Gauss-Bonnet theorem, r 
is determined by the Euler characteristic x(-^^)i i-e., r = A7tx{M'^)/A < 0. So we 
know that r is a negative constant and the lower bounds of the scalar curvature R 
are also negative. Meanwhile, according to Theorem E in introduction, the metric 
g(t) converges to a smooth metric g(— g(oo)) of constant Gauss curvature r/2. 

Note that i?/2 is the Gauss curvature K of the metric g{t). Let po < be the 
minimum of i?(0), i.e., 

i?(0) = 2K{0) > pQ. 
Since x{M'^) < 0, by Theorem [Ol we know that 

(6.2) Ai,pW - ^* 



r r 



is increasing along the normalized Ricci flow on [0, 00), where po = inf i?(0). 

A/ 2 
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Since that r < and p > 2, taking < — > oo in ()6.2p and noticing that Ai,p(i) is 
continuous, wc conclude that 

\ P/2 



Ai,p(w) > Ai,p(0) • l^—j 

Note that the metric g{— g{oo)) has constant Gauss curvature r/2. So we have 
Kg = r/2. By the definition for po, we also have po — 2Kg. Therefore we conclude 
the following inequality 

Ai,p(g) y f 
•^i,p(3) ~ 

This completes the proof of this theorem. 



p/2 



□ 



Remark 6.1. (1). By Theorem II .41 and Theorem 1 1.51 using the same method above, 
if x(Af^) < , we can also get some rough estimates 



Ai,p(ff) 
Ai,p(5) 



> exp 



^ (1<P<2) 



and 
^i,p(ff) 



< e' 



{1<P<2), 



< 



exp 



C 



iP > 2), 



^lAg) \i^gj ' Ai,p(5) 

where C > is a constant depending only on the metric g and r — 2k g. 

(2) . It would be interesting to find out if there exists a similar comparison- type 
result for high dimensional closed manifolds. It seems to be difficult to deal with 
the high-dimensional case. On the other hand, can one have a similar result as 
theorem 11.71 if one removes the condition: x(-^^) < 0? 

(3) . Though we do not follow J. Ling's proof, the idea of proof partly belongs 
to his. When p = 2, our result reduces to J. Ling's (see jlSj, Theorem 1.1). 



7. First ^-eigenvalue along general evolving metrics 

Following similar arguments in the proof of Theorem 11.11 in this section, we 
discuss the monotonicity and differentiability for the first eigenvalue of the p-Laplace 
with respect to general evolving Riemannian metrics. 

Let (M^ , g(t)) be a smooth one-parameter family of compact Riemannian man- 
ifolds without boundary evolving for t G [0, T) by 

d 

(7.1) -^gij = -2/iy 

with g{0) = go. Let H := ti h = g^^hij. 

We first have a analog of Proposition 13 . 1 1 in Section [3l 

Proposition 7.1. Let g(t), t e [0,T), be a smooth family of complete Riemannian 
metrics on a closed manifold M" satisfying |y. J[ ) and let Xi.p(t) be the first eigen- 
value of the p-Laplace operator {p > 1) under the evolving metrics |y._?[ ). For any 
ti,t2 S [0,T) with t2 >ti, we have 

(7.2) Ai,p(t2) > Ai,p(ti) + r Cig{OJiO)dL 



FIRST EIGENVALUE OF THE p-LAPLACE OPERATOR ALONG THE RICCI FLOW 23 



where 

(7.3) C{g{t)J{t)):=p [ \dfr'h{Vf,Vf)dti-p[ Apf%d^i-f \df\^Hdpi 

and where f{t) is any C°° function satisfying the restrictions \f{t)\'Pd^g(^t) — 1 
and Jj^^ \f {t)\P~'^ f (t)d^g(ff — 0, such that at time t2, f{t2) is the corresponding 
eigenfunction of Xi^p(t2). 

Proof. The proof is by straightforward computation, which is similar to the proof 
of Proposition [01 Here we omit those details. □ 

Using this proposition, we have 

Theorem 7.2. Let g{t) and \i,p{t) be the same as Proposition \ 7. 1\ If there exists 
a nonnegative constant e such that 

(7.4) /iy - fg,j > -eg,j in M x [0,r) 
and 

(7.5) H>p-e in A/x[0,T), 

then Ai.p(i) is strictly increasing and therefore differentiable almost everywhere 
along the evolving Riemannian metrics ( [7. J[ ) on [0,T). 

Proof. This proof is similar to that of the previous theorems. □ 

Remark 7.3. (1). Assumptions (|7.4p and (|7.5p may not be valid sometimes for some 
special curvature flow. For example, for the normalized Ricci flow, the assumptions 
(|7.4[) and (|7.5p are not hold in general. 

(2). This theorem may be compared to Theorem 11.11 of this paper. In fact, let 
(M",(7(i)) be a complete solution of the unnormalizcd Ricci flow on [0,T). This 
corresponds to hij = Rij and H ~ Rm Theorem 17.21 

In the following, a general version of Lemma UTT] is stated as follows. 

Lemma 7.4. // Ai.p(i) is the first eigenvalue of Ap^^^^, whose metric satisfying 
equation ( [7.-?[ ) and /(io) is the corresponding eigenfunction of Xi.p{t) at time to, 
then we have 
(7.6) 

^\i.p{f,t) = Ai.p(/(to),to) / \f\'Hdti+ f \df\^-\pK,-Hg,j)f,fjdti, 

where f{t) is any C°° function satisfying the restrictions Jj^^ \ f{t)\Pdfig(^tj = 1 and 
J]\i \f f {t)dpLgi^t) — 0, such that at time to, /(^o) is the corresponding eigen- 

function of Xi^p{to). 

In the same way as before, we can use this lemma to construct some monotonic 
quantities about the first eigenvalue of the p-Laplace operator along general evolving 
Riemannian metrics under some curvature assumptions. 

Next we turn to study a particular geometric flow, i.e., Yamabe flow. We will ap- 
ply Theorem [721 and Lemma [7l4l to the Yamabe flow. When p — 2, the first author 
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in [27] obtained some interesting results. The Yamabe flow was still introduced by 
R.S. Hamilton, which is defined by 

d 

fj g^dix, t) = ~R{x, t)g{x, t), 

g{x,0) = go{x) 

where R denotes the scalar curvature of g{t). The normalized Yamabe flow is 
defined by 

^7 3) ^^gix,t)^{rit)-Rix,t))gix,t), 

g{x,Q) = goix) 

where r{t) := Jj^j Rdfi/ Jj^j dfi is the average scalar curvature of the metric g{t). 
For the unnormalized Yamabe flow, we have the following proposition. 

Proposition 7.5. In Proposition \ 7.1\ we replace general evolving metrics by the 
unnormalized Yamabe flow J?. 7| ). Then for any ti,t2 G [Oi^) with t2 > ti, 

(7.9) Ai,p(t2) > Ai,p(ti) + C{g{S,), f{i))dt 



where 

p — n 



(7.10) C{g{t)J{t)) 



2 



/ \df\PRd^i-p f Apf%d^l. 



Proof. Substituting hij = -jgij into Proposition 17. 11 the result follows. □ 

Using this proposition, we have 

Theorem 7.6. Let g(t) and Ai_p(<) be the same as Proposition \ 7.5\ where we 
assume p > n. If 

(7.11) R>0 and R^O in Af" x {0}, 

then Xi^p{t) is strictly increasing and therefore differentiable almost everywhere 
along the unnormalized Yamabe flow |y. 7] ) on [0,T). 

Proof of Theorem \ 7. 6] Using basically the same trick as in proving Theorem ll.li we 
shall prove this result. Under the Yamabe flow (|7.7p . from the constraint condition 



we have 
(7.12) 



p [ ifr'Mdf, = 5 / \f\pRdn. 



Note that at time t2, 7(^2) is the eigenfunction for the first eigenvalue Xi^p{t2) of 
A„ ,^ , . Therefore at time tn , we have 

(7.13) Ap/(i2) = ~XiAt2)\f{t2)r^f{t2). 



FIRST EIGENVALUE OF THE p-LAPLACE OPERATOR ALONG THE RICCI FLOW 25 

By Proposition [731 at time <2, we have 

(7.14) \df\PRd^i + pX^,pit2) [ \fr^f%d,, 

\df\PRd^i + ^X^.p{h) [ l/rM/i, 

^ JAI ^ JM 

where we used (|7.13p and (|7.12p . Notice that the evolution of the scalar curvature 
R under the Yamabe flow (|7.7p (see [^) is 

d 

(7.15) —R={n-1)AR + R^. 

Applying the strong maximum principle, R(g{0)) > and R(xq,0) > for some 
xo G M" imply that R{x,t) > for aU {x,t) G x (0,r). Since p > n, from 
(|7.14l) . we then have £(3(^2), 7(^2)) > 0. Then using the same arguments in proving 
Theorem 1 1 . 1 1 vields the desired result. □ 



For the normalized Yamabe flow, we have 

Lemma 7.7. If Xi p(t) is the first eigenvalue o/Ap^^^j, whose metric satisfying nor- 
malized Yamabe flow |y.^p and /(io) *s the corresponding eigenfunction of Xi^p{t) 
at time t^, then we have 
(7.16) 

4^i,p(/,i) \df\P{R-r)df,+ ^X^M(to)-M) f |/r(i? " r)d/i, 

ai t=ta Z J j^.f I J j^i 

Proof. Substituting hij = ^^^gij into Lemma [731 then the result follows. □ 

In the end of this section, we will apply Lemma 17.71 to construct some monotonic 
quantities along the unnormalized Yamabe flow, generalizing earlier results for p = 2 
derived by the first author in [27j . 

Theorem 7.8. Let g{t), t G [0, T), be a solution of the unnormalized Yamabe flow 
{7. 7| ) on a closed manifold M" and let Xi,p{t) be the first eigenvalue of the p-Laplace 
operator of the metric g(t). Assume that the initial scalar curvature i?(g(0)) > 0. 
Then on one hand, if 1 < p < n, 

(7.17) Xijt) ■ (1 - pot)"/^ ■ (1 - aot)^ 

is increasing along the unnormalized Yamabe flow on [0,T") and if p > n, 

(7.18) Ai,p(0 • (1 - potf'^ 

is increasing along the unnormalized Yamabe flow on [0,r'). On the other hand, 
the following quantities 

(7.19) Xi^p{t)-{1- pot)"-^ -{l-aotT'^ (l<p<n) 
and 

(7.20) Ai,p(t) • (1 - notf'^ {p > n) 

are both decreasing along the unnormalized Yamabe flow on [0,T"), where po := 
inf^/2 R{0), (To ■= sup^/2 R{0), T' := min{pg"^,T} and T" := miii{aQ^ ,T} . There- 
fore Xi p{t) is differentiable almost everywhere along the unnormalized Yamabe flow. 



26 



JIA-YONG WU, ER-MIN WANG, AND YU ZHENG 



Proof. Since this proof is similar to the proofs of Theorems 11.41 and 11.51 '^e only 
give some key inequalities. Note that under the unnormalized Yamabe flow, 

d 

— i?= {n-l)AR + R^. 

Applying the maximum principle to this equation, we have lower and upper bounds 
of the scalar curvature R 



Po 



teioXY: R{x,t)<-^^ te[o,T'') 

i - (TnE 



(7.21) Rix,t)> . , . . , , 

1- Pot 1 - CjQt 

where po '■= inf a/" R{0), ctq •= supj^,^„ -R(O), T' := min{pg"^, T} and T" :— m.in{aQ^ ,T}. 



By (|7.16p of Lemma 17.71 we also have 



(7.22) 



dt 



p — n 



M 



\df\PRdfi+-Xi,p{fito),to) / IffRdfi, 



t=to 2 
where / is defined by Lemma 17.71 

On one hand, if 1 < p < n, by (|7.2ip and (|7.22[) we conclude 



:iTAi,p(/,i) > Ai,p(/(io),io) 



p — n 



M 



Po 



2 1 - o-Q^o 2 l-po^o_ 
Then following the exactly same arguments as in proving Theorem ll.4[ we see that 

Ai,p(t)-(l-pot)"^'-(l-^ToO^ 

is increasing along the unnormalized Yamabe flow on [0,T"). 
If p > n, by frni) and fr22\i we have 

^x,jf,t) >Px,Miio)M-r^- 

dt t=to 2 1 — poto 

Then using our standard arguments, we conclude that 

Xi,pit) ■ {1 - potf/^ 

is increasing along the unnormalized Yamabe flow on [0,T'). 

On the other hand, we consider the decreasing quantities under the unnormalized 
Yamabe flow. If 1 < p < n, by (|7.21l) and (I7.22|) . we can get 

d 



,rAi,p(/,i) < Ai,p(/(to),io) 
dt t=to 



p — n 



Po 



2 1 - Poto 2 1 - CTo^o 

Using the same arguments as in proving Theorem 11.51 then (|7.19p follows 
If p > n, by (fr2T|) and (fT^ . we can obatin 

^Ai,p(/,t) <^Ai,p(/(to),io)--^V- 
dt t=to 2 1 — (Toio 

By the standard arguments of Theorem II. 5[ we conclude that 

XiAt) ■ {I - <Jotf' 

is decreasing along the unnormalized Yamabe flow on [0,T"). 
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